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Introduction
The Josephson effect was predicted in 1962 by Brian Josephson during his PhD. A Josephson junc-
tion involves two superconductors which are linked together by a weak link. The weak link can be
made of an insulator barrier (SIS junction), a normal metal (SNS junction) or a constriction of the
superconductor (SsS junction). The Josephson effect exists in all types of junctions but the mecha-
nism of quantum transport through the junction is different. We will focus here on a SIS junction
where the Cooper pairs tunnel through the junction. The Josephson effect is used in many quantum
devices: SQUIDs (superconducting quantum interference devices) to measure magnetic fields using
quantum interference between two paths, each containing a Josephson junction, as well as in several
other types of devices such as qubits, parametric amplifiers, electron pumps, radioastronomy mixers...
In this internship, we will present a single microwave photon source and measure its characteristic and
performance.

If we polarize a Josephson junction with a voltage V , the Cooper pair needs to lose an energy 2e ·V
in order to tunnel. If we design a device to recover this energy (or part of it) to emit a photon of
frequency ν0, we obtain a source of light. One limitation of this process is the gap of the superconductor
material which restricts the energy of the photon under the energy of the superconductor gap ∆. The
NbN used as the superconductor in this work functions up to 1.1 THz, which leaves all the microwave
domain available. The effect of photon emission on the Cooper pair tunneling was measured for the
first time at the middle of the nineties [5] and well understood on the P (E) theory framework [6].
Twenty years after, the photonics side was directly measured [4].

In this framework, we can control the emission of a photon by controlling the tunneling of Cooper
pairs. If we can make sure that the Cooper pairs tunnel one by one, we will obtain a single photon
source. The device, designed by Hofheinz’s group, exploits the energy required to charge the small
capacitance C of the junction, and of the lines around it, by 2e, the charge of a Cooper pair. As we can
see in figure 1, the tunneling of a Cooper pair emits a photon and modifies the electrostatic energy. If
a second Cooper pair were to tunnel, the additional cost of electrostatic energy makes it impossible.
Then the resistance R allows the capacitance to discharge. The system is reset and another photon
can be emitted. As we will see, this principle is at the heart of our device but is not enough to explain
everything.

The goal of this internship is to verify that the device works as intended and to quantify the single
photon characteristics. To do that, we will begin by presenting the theory with more details and
explaining the standard functions measured in quantum optics to characterize a single photon source.
Then we will present the experimental setup which differs significantly from the method exploited
with visible light single photon sources. Finally, we will show the results of the measurements and
suggest explanations for them.

V

C

RResonator First Cooper pair tunneling: Allowed

Second Cooper pair tunneling: impossible

Josephson
junction

Energy of Cooper
pair tunneling :

Change in 
electrostatic energy 

Photon

Figure 1: Principle of the single photon source designed. In order to emit a photon the energy
conservation must be respected which allows for the emission of a photon by the tunneling of a
Cooper pair but prevents the tunneling of a second Cooper pair immediately after.
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1 Inelastic Cooper pair tunneling
The Josephson effect is a very well known phenomenon. We will review briefly its main properties then
we will explain the impact of the capacitance on its behavior and the interaction with the environment.
We will present the classical measurement of correlation functions in quantum optics and finish with
a presentation of the design studied in this report.

1.1 Brief overview of Cooper pair tunneling

1.1.1 Effect of the environment on a Josephson junction

The junction is made from two identical superconducting electrodes (NbN on our sample) separated by
a thin film of isolator (MgO here). A typical setup to characterize the transport properties of Josephson
junctions is presented figure 2. At ambient temperature, the electrodes are in the normal state and
such a classical tunnel junction is characterized by its tunnel resistance RT and its capacitance C.
These parameters depend on the surface S, the thickness of the junction and the insulator used.

Below the critical temperature of the superconductor Tc and at voltage below the superconducting
gap, the tunneling coupling between the two reservoirs of Cooper pairs brings out the Josephson effect.
It is described by two main equations:

I = Ic sin (φ) ∂φ

∂t
= 2e

~
U (1)

where φ is the difference between the superconducting phases of the two superconducting electrodes
and U is the tension across the junction. Notice that U and V are different when a non zero current
I exists. We can already distinguish three states, which can be observed in figure 2b:

If Idc < Ic: φ is fix (for constant current), so U = 0. The junction is in the superconducting state.
If |U | > 0: φ varies rapidly and an ac-current (usually at a radio-frequency) appears across the junc-

tion. For large junction with significant capacitance C, this current is shunted by C.
If |U | > 2∆/e: we observe a dissipative transport through quasi-particles. Here ∆ is the supercon-

ductor gap.

V

R

C

Josephson 
junction

I

RT

U

(a) Classical setup for an I(V ) curve measurement of
a Josephson junction.

0

(b) Typical I(V ) measurement of a SIS Josephson
junction.

Figure 2: The value of R determines if we are studying a current biased junction (for R � RT ) or a
voltage biased one (for R� RT ).

A major critic to this simple description is that it is only valid for large capacitance C and that it
neglects the quantum characteristics of the current, phase and voltage operators. First to understand
the importance of the capacitor, we can introduce the energy scales of the problem:

• The Josephson energy: EJ = 1
2

RQ

RT
∆ where RQ is the quantum of resistance for Cooper pairs,

RQ = h
(2e)2 . We can note that the critical current for the junction is linked to the Josephson

energy: Ic = 2e
~ EJ .
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• The variation of electrostatic energy associated to the tunneling of a Cooper pair: EC = 2e2

C .
• The thermal fluctuation energy: Et = kBT .

Typically the previous description is complete when EC � EJ and Et � EJ . We can show that
EJ/EC ∼ S2, so this description needs to be refined for small junctions. Qualitatively, the tunneling
of Cooper pairs can be blocked or reduced after the tunneling of one of them if this tunneling event
reduces the energy available for subsequent tunneling events. This effect may be used in more complex
configurations for controlling a current electron by electron (static Coulomb blockade) for example.
Another essential effect appears because of the very low temperature, the classical noise coming from
the impedance R goes to zero for high enough frequency (higher than 250 MHz for T=12 mK). So the
zero-point fluctuations on the junction are no more negligible and a complete quantum treatment of
the circuit is necessary.

Otherwise, we have only considered a very simple setup (with only a resistance R). A more complex
environment can be model by a complex impedance Z(ν), as in figure 3, which takes into account all
linear electrical components or transmission lines for instance. In particular it can be used to describe
a resonator which gives rise to new phenomena and allows modeling a vast range of experiments.
Moreover the junction capacitance can be included in this arbitrary impedance, so that we do not
need to treat it separately.

V

I

Figure 3: Generic model of a dc voltage-
biased Josephson junction in an elec-
tromagnetic environment of impedance
Z(ν). This impedance may represent all
kind of environments from ohmic situ-
ations to transmission lines. Note that
the capacitance of the junction can be
included in Z(ν).

Figure 4: I(V) curve of a Josephson junction (Al-Al2O3-
Al) coupled to a resonator made of transmission lines
(extracted from [5]) at 22 mK. The smooth continuous
line is a theoretical curve which is obtained using the P(E)
theory which will be presented in the next sub section.
The inset is a larger scale curve with the electrodes in
superconducting (S) or in normal (N) state.

If we tweak the circuit to design a non trivial impedance, by putting a radio frequency (rf) resonator,
we may observe the apparition of structures under the superconducting gap in the I(V ) curve because
of the interaction of the Josephson junction with the impedance, see figure 4. We observe the coupling
of the junction with different modes of the rf-resonator which allows a conversion of the energy of the
Cooper-pair tunneling to a photon emitted on the resonator.

The full understanding of this phenomena uses the P (E) theory, but the maxima of current can be
easily understood from energy conservation as explained in the introduction. We have several energies
on this problem, the first one is the energy of a photon emitted Ephoton = hν0 where ν0 is its frequency
(and of the resonator). The second one is the energy of a Cooper pair tunneling through the junction
and impedance Z(ν) biased at voltage V : ECooper = 2eV and the last one is the change of electrostatic
energy of the capacitance of the junction: EC = 2e2/C. But the electrostatic only plays an important
role if the relaxation of it is not too fast, i.e when Re (Z(0)) > RQ. In order to observe a tunneling
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event, the energy must be preserved:

ECooper = Ephoton + EC (2)

EC disappears from this balance for Re (Z(0)) < RQ.
To explain the broadening of the peaks, we need to take into account the finite bandwidth of the

resonator and thermal fluctuations. These effects are considered in P (E) theory and allow to obtain
the good agreement between theory and experimental data presented on figure 4. The P (E) theory
was developed during the nineties and a very accessible review is [6]. Another useful resource about
the cQED (circuit quantum electrodynamic), the quantum mechanical description of electrical circuits,
is a course from “Les Houches” by Michel H. Devoret [2]. As we will focus on the energetic approach,
this theory will not be exposed in detail in this report.

The observation of the photons emitted into these resonators requires cryogenic microwave equip-
ment which became available only in the last fifteen years. So these measurements were only per-
formed a few years ago [4]. In figure 5, the data demonstrates that the rate of photons emitted into
the resonator (Γph in blue) is identical to the rate of the tunneling Cooper pairs (ΓCp in red) near
the maximum when 2eV = hν0, where ν0 = 6 GHz is the resonator frequency. The solid lines are
calculated from P (E) theory which will be described in the next subsection.

Figure 5: Cooper pair tunneling rate ΓCp through a junction coupled to a rf-resonator which, seen
from the junction, is described by the impedance presented on the top panel. On the bottom panel,
the Cooper pair tunneling rate and the photon rate Γph are represented as a function of the dc-bias
voltage V . Extracted from [4].

1.1.2 Correlation of the emitted field

The statistics of photon emission of a source can be investigated through its correlation functions.
These function are commonly used in quantum optics with visible light (or near infrared to ultraviolet
light) to characterize the source, notably to distinguish between a classical or a purely quantum source.

The first function which is heavily used to characterize a source is the first order correlation function
which is defined by:

G(1)(t, τ) =
〈
â†(t)â(t+ τ)

〉
(3)

This correlation function is defined through the creator/annihilator operators of the field, which comes
from the decomposition of the environment in harmonic oscillators. This function is generally measured
using a Mach Zehnder interferometer (see figure 6a) with visible (or near visible) light and allows to
characterize the time length of photon emission and its rate. Often, we prefer to define a normalized

4
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function to compare easily different experiments and the stationary property of most sources obviates
the measurement as a function of t. So most of the time, the function evaluated in practice is:

g(1)(τ) =
1
T

∫
T dt

〈
â†(t)â(t+ τ)

〉
1
T

∫
T dt 〈â†(t)â(t)〉 (4)

Source

Mirror

Beamsplitter

Detector 1

(a) Mach Zehnder interferometer.

Source

Detector D2

Detector D1

Mirror

Beamsplitter

(b) Hanbury-Brown and Twiss interferometer.

Figure 6: Classical sketches of measurement of quantum optics. Each beam-splitter are half reflective
and note that it necessarily mixes an input signal with another one (here v̂ for the vacuum) to verify
the bosonic commutator for the output.

The other function which is measured most of the time is the second order correlation function:

G(2)(t, τ) =
〈
â†(t)â†(t+ τ)â(t+ τ)â(t)

〉
(5)

which possesses the same kind of normalized function with stationary processes:

g(2)(τ) =
1
T

∫
T dt

〈
â†(t)â†(t+ τ)â(t+ τ)â(t)

〉
(

1
T

∫
T dt 〈â†(t)â(t)〉

)2 (6)

This function is usually measured using a Hanbury-Brown and Twiss interferometer, represented
in figure 6b. Moreover this experiment allows to better understand the meaning of this function.
We can express it as a function of the number of photons on each beams, which are defined by :
〈n̂i(t)〉 =

〈
ô†i (t)ôi(t)

〉
. Note that these output fields are defined by : ôi = (â ± v̂)/

√
2 with v̂ in the

vacuum state for this reinterpretation. We obtain so:

g(2)(τ) =
1
T

∫
T dt 〈n̂1(t)n̂2(t+ τ)〉(

1
T

∫
T dt 〈n̂1(t)〉

) (
1
T

∫
T dt 〈n̂2(t)〉

) (7)

To understand it, consider first the case τ = 0. This function defines a conditional probability,
i.e. the probability to measure a photon on the detector D2 if a photon was detected on the detector
D1. So for a perfect single photon source, g(2)(0) = 0 as a photon cannot be simultaneously detected
on both detectors. If g(2)(0) < 1, the source is called anti-bunched and only a quantum source can
achieve this regime. One remarkable case is a coherent field where the photons are independently
emitted and so g(2)(τ) = 1. Another one is a thermal radiation where the photons tend to arrive
together (bunched) and one can show that g(2)(0) = 2. In general g(2)(0) > 1, the source is bunched.
Finally we can remark that for τ bigger that the correlation time τc of the source, the photons arrive
independently and so g(2)(τ > τc) = 1.

The main goal of this internship was to remove the requirement of stationary. The source may be
operated with pulse pumping and so the time of emission of the photons matters. The internship was
focused on the modification of the instrumentation to be able to measure:

g(2)(t, τ) =

〈
â†(t)â†(t+ τ)â(t+ τ)â(t)

〉
(〈â†(t)â(t)〉)2 (8)
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1.2 Sample design

The samples studied in this report were designed during the PhD of Alexander Grimm [3]. We will
explain here the choices which were made and the link with the theory described above.

The physical sample and its model are represented on figure 7. On it, we can rediscover the
elements which were discussed in the introduction and the previous part: a RC circuit, Josephson
junctions and the resonator. An additional part is also present, a beam-splitter, be careful, it does not
have the same function as in the classical single photon source measurement on the previous part. We
will rapidly review the different elements of the physical implementation and the link with the model.

The RC circuit is implemented using a chromium (Cr) thin film for the resistor R and the capaci-
tance C is constituted mostly by the capacitance between the flux line on top and the line between the
resistor and the SQUID (superconducting quantum interference device). The SQUID is used only as
a Josephson junction of which the Josephson energy can be controlled by an external magnetic field:

EJ,SQUID(Φ) = EJ,0

∣∣∣∣cos
(
πΦ
Φ0

)∣∣∣∣ (9)

where Φ is the magnetic flux through the loop of the SQUID and Φ0 = h/2e is the magnetic flux
quantum. This formula is only true if the two Josephson junctions of the SQUID are exactly identical,
if they differ, the Josephson energy is still modulated by the flux but cannot be completely suppressed.

After that, the resonator, which defines the impedance seen by the junction, is constituted of three
λ/4 transmission lines of different characteristic impedance. That length controls the resonance fre-
quency (here ν0=6 GHz) and the characteristic impedances control the quality factor of the resonator.

The last element is the beam-splitter which is made by coupling two transmission lines. This beam-
splitter is centered on the resonance frequency of the resonator and possesses a bigger bandwidth than
it. As explain before, a beam-splitter has necessarily four ports, two inputs and two outputs. Yet
the physical implementation only has three explicit ports. It uses its outputs ports also as additional
inputs and this second input port is a linear combination of its two output (50 Ω) transmission lines.
As at the temperature at which the experiment is performed (12 mK) no element radiates, no photons
may come from the second input port, i.e. it is in the vacuum state. The beam-splitter connects
the sample to the RF output ports around 6±2 GHz and the other frequencies as continuous voltage
arrive (or exit) through the dc input port. So this beam-splitting structure can be modeled by the
association of a bias-T (to separate dc from rf) with a beam-splitter for the radio frequency part.

DC input

RF output

RF output

Flux input

On chip
Cr resistor

200 MHz

6 GHz

DC input

RF outputs

Resonator

Flux input

Beam-splitter

Beam-splitter

Resonator

SQUID

Figure 7: On the left, the constitution of the sample is represented. The different impedances are the
impedance of the transmission line and the resonator are designed to a frequency of 6 GHz. On the
right, the electrical model of the sample is shown and links with the physical implementation.

Because of the low frequency compared to visible light, the measurement scheme is very different
from the one classically used and we will explain how we are able to characterize our sample, and
notably the goal of the beam-splitter which is very different between these two cases.
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2 Measurement of microwave photons

2.1 Method of measurement of the correlation functions

The measurement of correlation functions is more difficult at radio-frequency that with visible light.
In fact, there is no effective photon detector at microwave frequency and the method briefly described
in part 1.1.2 cannot be used as it is. This measurement scheme makes use only of classical radio-
frequency techniques such as frequency mixers, linear amplifiers and analogue to digital converters
(ADC), instead of single photon detectors.

2.1.1 Theory of measure

The theoretical part of this measurement scheme is based on the one presented in the paper [1]. We
will give a brief overview without detailing the computation of different quantities. The calculation is
summarized in the model depicted in figure 8.

The experimental scheme can be described in different steps:
• The cavity, described here by a LC resonator, leaks a part of its field into the output transmission

line. We can then link the output field b̂(t) to the field into the cavity â(t):
b̂(t) = √γâ(t)− b̂in(t) (10)

where γ is the rate of leaking of photons from the cavity and b̂in(t) is a field coming into the
cavity, in our case this field describes a vacuum field.

• Then the beam-splitter mixes the output field with a vacuum field ĥBS (to respect bosonic
operator commutators):

ĉ(t) = b̂(t) + ĥBS√
2

d̂(t) = b̂(t)− ĥBS√
2

(11)

• After that each signal is amplified and its complex envelope is extracted with the measurement
of the two quadratures. We can show that the extracted complex signal Ŝi(t) can be written:

Ŝi = √gi

(
î(t) + ĥ†i (t)

)
(12)

where î represents the output of the beam-splitter (ĉ or d̂) gi is the total gain of the amplifier
chain and ĥ†i takes all the noise of the conversion scheme into account:

ĥ†i (t) =
√
gi − 1
gi

ĥ†i,amp(t) + 1√
gi
ĥ†i,IQ(t) (13)

• Finally the cross correlation of the complex envelopes are computed in order to extract the G(1)

and G(2). To extract the first order correlation function we measure:

Γ(1)
cross(t, τ) =

〈
Ŝ†c(t)Ŝd(t+ τ)

〉
= √gcgd

(1
2G

(1)(t, τ) +G
(1)
noise(t, τ)

)
(14)

where G(1)
noise(t, τ) is the first order cross correlation function of all the noise. Supposing that

the noise does not change when the sample is not powered, we can extract the G(1) by on-off
measurement. To extract the G(2), we compute:

Γ(2)
cross(t, τ) =

〈
Ŝ†c(t)Ŝ†c(t+ τ)Ŝd(t+ τ)Ŝd(t)

〉
= gcgd

2

[1
2G

(2)(t, τ) +G(1)(t, τ)G(1)
noise(t, τ) +G(1)(t+ τ, 0)G(1)

noise(t, 0)

+G(1)(t, 0)G(1)
noise(t+ τ, 0) +G(1)(t+ τ,−τ)G(1)

noise(t+ τ,−τ) +G
(2)
noise(t, τ)

]
(15)

which, in conjunction with the measure of G(1) and G(1)
noise, allows by an on-off measurement to

obtain G(2).
This scheme of measurement needs to be carefully implemented in order to measure the good

quantities and to not introduce systematic errors.

7
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Quadrature
measurements

Amplification

Beam-splitting

Resonator

Figure 8: Model of the acquisition chain us-
ing quantum formalism. Sample 25

Eccosorb
300 MHz

20dB

12 mK

3.3 K

300 K

6dB 6dB

I

V

LO

ADC

4-8 GHz

4-8 GHz

1-2 GHz

Pulse
generator

3dB

Sampling
clock

HEMT
amplifiers

Figure 9: Measurement scheme, the essential element of
the chains are shown (some amplifier and attenuator are
not represented at ambient temperature). All elements
are thermalized by cooper straps at the temperature of
the stage represented.

2.1.2 Experimental setup

The practical experimental chain is represented in the figure 9. Only the relevant elements of the
measurement presented in this report are represented. A more complete chain is represented in
appendix A which adds the elements important for calibration.

In order to be able to measure anything, the sample is cooled in a dilution refrigerator to a base
temperature of 12 mK. At this temperature, the radiation of elements in the 4-8 GHz domain can be
neglected, as hν � kBT for T =12 mK and ν ∈ [4, 8] GHz.

At the bottom we find the sample which is described in part 1.2. This sample is powered by a
dc-voltage bias (on the right of the figure 9) through a voltage divider. This line is low-pass filtered
by a classical lumped elements circuit at 3.3 K then is filtered again by a lumped elements circuit
which is filled with Eccosorb (silicone charged with metallic particles) to absorb the high frequency
noise and thermal noise going through the 3.3 K filter. These filters asset that the sample interacts
with an electromagnetic environment at low temperature.

8
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On the left, we find the elements which allows us to modulate the Josephson energy. The dc-current
bias and the pulse generator give a total control on the flux which go through the SQUID loop. The
Eccosorb filters filter the noise and transform the rectangular pulse coming from the generator into a
Gaussian pulse with smaller bandwidth.

The last and main part is the radio-frequency measurement part. The first element after the sample
is a circulator, its goal is to isolate the sample from any noise (or signal) coming back from the rest
of the chain. As the attenuation of the signal by a single circulator is not enough, two other were
added. These circulators work only in the 4-8 GHz band, so two 4-8 GHz band-pass filters are also
presented to stop the noise outside of this band. The majority of the photon noise is emitted by two
cryogenic amplifiers. These amplifiers are low-noise amplifiers (around 2 K of noise) with a gain of
around 40 dB. Then we find an attenuator, its goal is to reduce standing waves on the long coax, due
to impedance miss-matched elements on the chain.

At room temperature, the signal is down converted using mixers and a microwave source generating
the LO signal. Then the signal is filtered by a band-pass between 1-2 GHz which corresponds to the
second Nyquist band of the analog to digital converter working with a sampling frequency of 2 GHz.
The signal is also amplified several times in order to match the input range of the mixer and the ADC.

The analog to digital converter board is an AlazarTech ATS9373 which can sample the signal up
to 2 GSa·s−1 with 12 bits resolution. As the goal of this internship is to measure the g(2)(t, τ) with
t between the pulse and the measurement, this ADC must be synchronized with the pulse generator.
As it is necessary to have a synchronization at 0.5 ns during several hours, specific care must be taken.

2.1.3 Synchronization of instruments

At radio-frequency the synchronization of instruments are usually made by 10 MHz reference signals.
This method was used to synchronize the clock of the ADC and the clock of the LO generator in
stationary measurement. To measure the two times resolved g(2)(t, τ), we need to synchronize the
ADC with the pulse generator as t is the time difference between the pulse and the measurement of
the quadratures. One possibility was to keep the same measurement scheme (sampling clock derived
from the 10 MHZ reference with a PLL) and to trigger the ADC board on the pulse generator. Another
possibility was to take advantage of the working method of the pulse generator: it generates a high
frequency from which the shape of the pulse is derived. We can then reuse this high frequency clock as
the sampling clock for the ADC board, if fixed at 2 GHz. In order to compare these two possibilities,
a similar experience of an eye pattern was performed.

As we can see on the figure 10, we use a pattern generator to generate a pulse of 0.5 ns width
at a rate of 100 MHz. The ADC samples the waveform using a 2 GHz clock coming either from
the pattern generator or generated by an onboard PLL synchronized to the 10 MHz reference of the
pattern generator. In order to generate an eye diagram like, the acquisition needs to be synchronized
with the pulse, we do so by sending on the trigger input of the ADC board a pattern synchronization
waveform directly derived from the pulse and generated by the pattern generator.

In this configuration, we then describe the numerical scheme to generate an eye pattern:

1. The ADC board sends a buffer of around 1 million samples on each channel, the two channels
are separated. The two channels are then subjected to the same treatment.

2. The channels are sliced in sequences of 20 samples, the periodicity of our signal.
3. Each sample i of these sequences increments the element [i, value of sample[i]] of an array of

size [20, 212].
4. Finally this array is normalized by the number of sequences to obtain the probability to measure

a particular value at each times since the pulse.

On the figure 11, we observe the result of this procedure when the 2 GHz clock of the pattern
generator is used as the clock for the ADC. We can notice that the pulse is well defined and no
variation of the sample times (jitter) are perceptible. If we repeat this experiment several times on a
day, the pattern does not change at all.

9



Correlation of microwave photons produced by inelastic tunneling of Copper pairs Albert Romain

Pulse
generator

Trigger

Clock

Signal
3dB

ADC
board

Ch 1

Ch 2

10 MHz
or 2 GHz

0.5 ns

10 ns

Figure 10: Simple setup to realize an eye pattern
and verify the lack of jitter.
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Figure 11: Eye pattern generated using 240 sam-
ples (around 10 minutes of acquisition) using a
2 GHz clock coming from the pattern generator.
Notice the logarithm scale of the probability to
observe its dynamic.

If we do the same experiment with the 10 MHz reference clock, we may obtain the exact same
kind of eye pattern as in figure 12. But if we repeat the experiment a few hours later, we can observe
on the figure 13 that the phase of the PLL has slightly slipped. As the measurement of a g(2) needs
several hours of averaging to reduce the noise, this change of phase will severely disrupt it.
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Figure 12: Eye pattern generated using 239 sam-
ples using a 10 MHz reference. We observe a very
similar pattern than on figure 11 without jitter of
phase slip.
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Figure 13: Eye pattern generated using 240 sam-
ples using a 10 MHz reference, made several hours
after the measure on figure 12. Here we notice
that the phase of the PLL have slipped.

2.2 Numerical extraction of correlation functions

2.2.1 Extraction of the complex envelop

After amplification, the signal coming from the sample can be describe using its two quadratures X(t)
and P (t):

V (t) = X(t) cos(2πfRF t) + P (t) sin(2πfRF t) (16)
where fRF is the frequency of the photon itself. The complex envelop is defined by: S(t) = X(t)+iP (t),
it characterizes the slow variation (typical bandwidth of the complex envelop is 200 MHz) of the photon
amplitude and allows to directly compute the cross-correlation function defined on part 2.1.1.
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The classical way to extract the quadratures is to use IQ mixers, but this method is sensitive to
phase miss-matching between the two channel. Moreover the high sampling rate of our ADC board
makes it possible to directly evaluated them and to work at higher frequency which limits the 1/f
noise.

As we have seen during the description of the experiment a stage of down conversion is present on
the measurement scheme. The incoming signal is so multiplied by a local oscillator of fLO frequency:

VIF (t) ∝ V (t) cos(2πfLOt)
∝ X(t) cos(2π(fRF − fLO)t) + P (t) sin(2π(fRF − fLO)t) + High frequency terms (17)

The signal is then band-pass filtered to be on the second Nyquist band of the ADC. As the sampling
frequency is fs, the band pass filters between frequencyfs/2 and 2fs. So, the high frequency terms are
eliminated by this filter step. By tuning the local oscillator in order to have: |fRF − fLO| = 3/2fs and
assuming that the bandwidth of S(t) (around 200 MHz) is smaller than the bandwidth of a Nyquist
band (1 GHz for fs = 2 GHz), the sampled voltage gives directly the quadratures:

Vn = VIF

(
n

fs

)
∝
{
Xn(−1) n

2 if n is even
Pn(−1) n+1

2 if n is odd
(18)

The two quadratures are computed at two different times, to correct this and to add some noise
rejection (the resonator bandwidth is much smaller than the bandwidth of the anti-aliasing filter),
the two quadratures are convoluted by a finite impulse response filter. After these steps, we obtain
the complex envelope evaluated with a fs/2 sampling frequency. The last step is to compute the
correlation function and to evaluate the ensemble average.

2.2.2 Computation of correlation functions

As explained in the part 1.1.2, we need to evaluate the quantity:

Γ(1)
cross(t, τ) = 〈S∗c (t)Sd(t+ τ)〉 (19)

to obtain G(1)(t, τ).
Before this internship, only stationary processes were considered and this quantity was computed:

Γ(1)
cross(τ) =

∫
dtS∗c (t)Sd(t+ τ) (20)

This was expeditiously evaluated using the fast Fourier transform and the fact that a convolution in
time space becomes a multiplication in frequency space.

Now, we use pulses to change periodically the proprieties of the system and so the process of
emission is no more stationary. Note Trep the period of theses pulses. If Trep is bigger than the time
of relaxation of the system, each pulse can be treated as a new realization. The statistical averaging
becomes:

Γ(1)
cross(t, tτ) = 1

Naveraging

Naveraging∑
j=0

S∗c (t+ jTrep)Sd(t+ jTrep + τ) (21)

We can no more exploit the fast Fourier transform to evaluated this equation and the fastest
method we have found was to directly implement the measurement scheme. To understand why it is
so essential to make the computation efficient, note that G(2) is a second order correlation and so is
sensible to the noise of measurement. To arrive to a signal to noise ratio k, the number of averages
Naveraging has to be:

Naveraging = k2
(
Enoise

Esignal

)4

(22)

where Enoise and Esignal are respectively the energy of the noise and the signal. As Esignal is quite
small for a single photon source compared to the noise add by the cryogenic amplifier (even if they
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have a very low noise), the extraction of the G(2) might need several hours of acquisition at a data-rate
of 2 · 2 GSa·s−1 (or 6 GB·s−1), which is a lot of computation using the brute-force solution. We will
know explain how this brute-force computation was implemented to better exploit the computer.

Lets first rewrite the computed function to extract G(1)(t, τ) and G(2)(t, τ) using discrete indexes:

Γ(1)
cross[n,m] = 1

Naveraging

Naveraging∑
j=0

S∗c [n+ jNrep]Sd[n+m+ jNrep] (23)

Γ(2)
cross[n,m] = 1

Naveraging

Naveraging∑
j=0

S∗c [n+jNrep]S∗c [n+m+jNrep]Sd[n+m+jNrep]Sd[n+jNrep] (24)

where n play the role of t and m of τ . n is limited between 0 and Nrep and m is between −M/2 and
M/2.

In order to verify the consistency of the computation (notably for the gain gc and gd), we compute
as well:

Γ(1)
c [n,m] = 1

Naveraging

Naveraging∑
j=0

S∗c [n+ jNrep]Sc[n+m+ jNrep] (25)

Γ(1)
d [n,m] = 1

Naveraging

Naveraging∑
j=0

S∗d [n+ jNrep]Sd[n+m+ jNrep] (26)

We can evaluate the number of flops for each sample: for each Γ(1) a sample implies the computation
of (4 multiplications and 4 additions) times M and Γ(2) of (12 multiplications and 8 additions) times
M . The computation power to operate in real time is therefore 5.6 Tflops·s−1 (in single precision
float) for M =128, which is used in the experiment of this report. We need to carefully organize
the computation to use it at its maximum (without a possibility to compute it in real time as the
bi-processor has only a peak power of around 1.2 Tflops·s−1).

To do that, a manual vectorization of the code was performed as Nrep and M might change, the
only constraint is for M which must be a multiple of 8. As the size of vector registers is 256 bits (for
AVX instructions), each vector can contain 8 single precision floats which fixed the constraint. So, for
each sample (Sc and Sd), we compute for each p:

1. Broadcast Sc[p] to two 8 elements vectors Cfix
r,i = (Sc[p], ..., Sc[p]), one for the real part r and one

for the imaginary part i.

2. Do the same with Sfix
d [p] in the vectors Dfix

r,i .

3. For each m multiple of 8 between −M/2 and M/2, perform:

(a) Charge the Sc data to Cmov
r,i = (Sc[p+m], .., Sc[p+m+ 7]).

(b) Perform the complex multiplication between Cfix
r,i
∗ andCmov

r,i and add it to Γ(1)
c [p%Nrep,m].

(c) Reuse intermediate result to compute S∗c [p]S∗c [p+m] and store it in Buf1.
(d) Do the same withDfix

r,i
∗ andDmov

r,i and store an intermediate result inBuf2 for Sd[p+m]Sd[p].

(e) Multiply Cfix
r,i
∗ andDmov

r,i then add it to Γ(1)
cross[p%Nrep,m].

(f) Perform the complex multiplication betweenBuf1 andBuf2 then add it to Γ(2)
cross[p%Nrep,m]

This method allows us to compute Γ(1)
cross[n,m] and Γ(2)

cross[n,m]. The computation of G(1)[n,m] is
simply the inversion of the formula 14. To reconstruct the G(2)[n,m] we need to apply the formula
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15. With discrete index, it becomes for n between 0 and Nrep and m between −M/2 and M/2:

Γ(2)
cross[n,m] = gcgd

2

[1
2G

(2)[n,m] +G(1)[n,m]G(1)
noise[nm]

+G(1)[(n+m)%Nrep, 0]G(1)
noise[n, 0] +G(1)[n, 0]G(1)

noise[(n+m)%Nrep, 0]

+G(1)[(n+m)%Nrep,−m]G(1)
noise[(n+m)%Nrep,−m] +G

(2)
noise[n,m]

]
(27)

3 Experimental results
As we have seen on the description of the experimental setup, we can control several parameters of the
sample. The first one is the voltage bias, the second one is the stationary flux through the SQUID, the
third is the flux pulse repetition rate and the fourth is its amplitude. The last one we can think of is
the LO-frequency but it is fixed by the design of the sample which fixes the frequency of the resonator
around 6 GHz. The LO-frequency is set to around 7.5 GHz (for all the experiments presented here)
in order to explore the band between 5.5 GHz and 6.5 GHz using the negative second Nyquist band
of the ADC.

As the space of the 4 parameters is huge and the duration to measure a point of g(2) is long (a
few hours), we need to carefully choose the points we measure to obtain a source of anti-bunched
photons. We will explain how we have chosen the part of interest of this parameters space by first
characterizing the samples, then by exploring the temporality of the emission and the impact of the
pulse characteristics. Finally we will present some anti-bunched results and propose some explanations
for them. Results from two different samples will be presented to compare them and to discuss the
reproducibility of our measurements.

All the measurements presented in this part were made together with Florian Blanchet using the
code I developed. The selection of the approach presented here is the outcome of several discussions
between us.

3.1 Stationary behavior of the samples

As a first characterization of the properties of the radiation emitted by the samples, we measure the
power spectral density of each sample, without pulses to simplify the process of emission. Using the
calibration presented in appendix A, we can quantitatively measure the power spectral density in units
of W·Hz−1. Then it is converted in units of Photons or in (Photons·Hz−1)·s−1 by dividing them by
the energy of the photon hν0, where ν0 is the frequency of the resonator so ν0 is near 6 GHz. The
voltage bias is computed using the resistor in the voltage divider (10 MΩ and 25 Ω), then is converted
in frequency through the relation ν = 2eV/h. The flux is converted to units of quanta of flux Φ0. To
obtain a photon rate, an integration over the frequency axis of the power spectral density is performed
when necessary. Notice that for the stationary process, the sign of the voltage bias is unimportant
and the measurement must be invariable with it.

As the flux through the sample has different offset for each cooldown, it is necessary to measure
the photon rate as a function of the flux and the bias voltage after each cooldown. Typically we
obtain the measurements presented on the figure 14. Using these graphics, the frustrations and the
periodicities of the figures with the flux can be easily observed and precisely measured. The complete
interpretation is a lot harder because of the several processes which occur at the same time.

We observe a large area without emission on each sample, this is not explained using the basic
energetic model and the P (E) predicts that the emission increases with the Josephson energy. So
we may expect a maximum of emission at Φ = 0 which is not the case on each sample. To explain
it, we need to remember that the Josephson junction and a SQUID can be in a 0-voltage state if
I < Ic ∝ |cos(Φ/Φ0)|. all the bias voltage is applied to the resistors and no voltage on the SQUID. In
this state no emission occurs. If we try to adjust a curve proportional to |cos(Φ/Φ0)| to the no-emission
area on the figure 14b, the agreement seems good.
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(a) Bottom sample.
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(b) Top sample.

Figure 14: Photon rate as a function of the flux and the voltage bias, comes from the power spectral
density integrated between 5.5 GHz and 6.5 GHz. The negative voltage are not represented as the
figure is even again the voltage bias.

The idea behind the pulse is to stay in the no-emission area then to go to the frustration, emit a
photon then go back where nothing is emitted. That way, the goal is to avoid the stationary emission
which may be bunched depending on the voltage bias as described in [8] (theoretical article on the
stationary emission of sample described in this report) by not staying near the frustration. Before we
study the impact of the pulse, we need to finish to extract the component value of our samples.

3.2 Determination of characteristic parameters (without pulses)

A problem of this no-emission area is the difficulty to accurately determine the nature of the processes.
Typically the process of lowest energy expected is the tunneling of a Cooper pair which emits a photon
on the lowest mode of the resonator (and changes the electrostatic energy): 2eV = EC + hν0. On the
figure 14a, this process is identified and seems under the real peak. This is because the broadening
of the peak due to the rise of the Josephson energy is broken up by the falling of the junction on the
current branch.

So to identify precisely the nature of the peak and its energy, a slow acquisition near the frustration
of the emission photon rate was made as a function of the bias voltage. Using this acquisition and
the figure 14 for higher order processes, the position of the maximum of emission for each process and
each sample was identified and presented in table 1.

First peak (GHz) Second peak (GHz) Third peak (GHz)
Bottom 7.62 25.8 37.9
Top 7.25 25.0 37.4

Table 1: Voltage bias (convert in GHz) of the peak of emission for each sample

The frequency ν0 of the lowest mode is fixed by the length of the λ/4-resonator. But that kind
of resonator is resonant for any radiation of frequency νk = (1 + 2k)ν0. If we temporary forget the
electrostatic energy, ν0 ∼ 8 GHz. So the second peak might correspond to 4 photons at ν0 or 1 photon
at ν0 and 1 photon at ν1. As the lowest order process is the more likely, the second peak is owed to a
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second order process with two photons at ν0 and ν1. Similarly the second peak is owed to two photon
at ν0 and ν2. Using this knowledge, we can construct a set of simultaneous equations to extract the
electrostatic energy and the resonator frequency, the results are presented on the table 2. We observe
that the samples are rather near the same frequency of 6 GHz. The capacitance (and the electrostatic
energy) is a little more scattered but stay in the same order of magnitude. As the capacitance depends
on the thickness and roughness of the insulator layer, its variance is not surprising as each of these
characteristics are hard to control precisely. At the same time, the frequency of the resonator is fixed
during a step of lithography which is more easily controlled.

EC (GHz) C (fF) ν0 (GHz)
Bottom 1.53±0.05 50±3 6.07±0.02
Top 1.3±0.1 60±5 5.97±0.04

Table 2: Characteristics extracted from the photon rate emitted by the junction (presented in figure
14) for each sample. Notice that the incertitude takes into account only its statistical part but ignores
its systematic part.

The last characteristic we can extract is the shape of the resonator. This can be made by measuring
directly the power spectral density coming from the resonator. On the figure 15, this measurement
was made as function of the voltage bias on the left to verify that the measurement depends weakly on
this parameter. On the right of the figure, the spectrum averaged over the voltage bias is presented.
Two main features are observable, first the maximum seems to be a little below the ν0 determined
by the resonance hypothesis. Secondly, the spectrum possesses abnormal minimums which are regu-
larly spaced (around 160 MHz). They are most likely explanation due to the existence of stationary
waves in the coax cables because of impedance miss-matching between the elements (circulators, fil-
ters, connectors...) at low temperature which creates an interference pattern. For elements at high
temperature, the addition of attenuators reduces this problem but cannot be used at low temperature
as all signal is needed before the 4 K amplifiers.
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Figure 15: On the left, we find the spectrum of emission from the Bottom sample as a function of the
bias voltage (convert to frequency). The distance between the maximum of the emission as a function
of frequency and bias voltage is due to the charging energy EC . On the right, an averaging over the
voltage bias was performed.
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Another parameter which is interesting is the resistor, the extraction of its value from the power
spectral density is hard and this measurement was not made during this internship. To do it easily,
the direct measurement of the current through the sample is used. But as the device to measure it
sends a lot of voltage noise to the sample, it was not includes during the cooldown. We can only give
the design value: around 50 kΩ.

To conclude this part, we now know at which voltage we need to study the sample in order to
obtain the maximum of emission on the first process which is the one of interest. Moreover, we have
observed two samples and the measurements presented give us an indication on the reproducibility
of these samples. Four parameters remain to be determined in order to choose the points of interest
when a pulse occurs: the sign of the bias voltage (we will see that it’s essential with pulses), the static
flux, the rate of the pulse and its amplitude.

3.3 Informations coming from the |G(1)(t, τ)|
In order to explain the dynamics with the pulse, the first experiment was to study the temporal
localization of the emission. This cannot be done using g(1)(t, τ) as g(1)(t, 0) = 1. The unnormalized
G(1)(t, 0) has to be used instead because it is related to the emitted energy at the time t. So we choose
to plot |G(1)(t, 0)| as we are not interested in the phase of G(1) due to slight delay between the two
channels (mostly due to different coax length). To do this experiment, we choose a pulse of moderate
amplitude and a slow rate (30 MHz) for the pulse to avoid the possible interactions of different pulses
if the system does not have the time to fully relax between two pulses.

The figure 16 illustrates the result we obtain for two different bias-voltages, one positive and the
same negative. Notice that this two experiments were identically normalized to be able to easily
compare them. If we concentrate first on the similarity between the two voltages, we observe for flux
between -0.2 Φ0 and -0.4 Φ0 a localized emission. These times of emission are the time where the pulse
drives the flux to the area where the junction can switch to the voltage state, an emission occurs, then
the pulse puts the SQUID back in 0-voltage state without emission. So the localized emission occurs
when the flux is adequately near the frustration for the pulse to arrive on it but not too close to not
completely go through it.

Moreover for the lowest flux, we observe an emission which depends weakly on the time of emission
for each voltage. This effect can be easily understood: on the baseline the sample is in the area of
stationary emission and so it emits at all times, except when the pulse makes it go outside this process.
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(a) Positive voltage bias.
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Figure 16: First order correlation function at a bias voltage of 7.25 GHz (maximum of emission) and
τ = 0 for the Top sample as a function of the flux and the time of emission. The two figures were made
with the same number of point and normalized using the same constants, so the higher the values is,
the higher the emitted energy is.
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Some differences are visible too, the main one is that the emission rate for the positive is five times
smaller than for the negative voltage. If the pulse was only changing the flux trough the SQUID, the
trajectory on the flux-bias voltage would be the one described in doted line in the figure 18. It does
not explain the influence of the voltage polarity on the emission rate. To propose an explanation,
we need to be remember the origin of the capacitance on the RC circuit (as describe in figure 7).
The capacitance C comes from the crossing of the flux line and the line going to the resistor, so this
capacitance is not directly linked to the ground but is linked through a line of NbN which possesses
an self-inductance L. The electrical circuit taking into account these effect of coupling is represented
in the figure 17.

V(t)

R
C

I(t)

t

I(t)

t
L

Figure 17: Model with the auto-inductance and the capacitance and its effect on the voltage bias.

To estimate the impact of these elements, we can easily compute the order of magnitude of the
voltage variation. The geometrical self-inductance of a flat line is well known (heavily used in electronic
for PCB) and can be estimated to be 0.1 nH. The capacitance is around 50 fF, the resistor near
50 kΩ and the current pulse has an amplitude of around 10 µA and a typical time of 1 ns. We
can then easily estimate the variation of voltage at the border of the inductance: δv ∼ Lδi/δt ∼
10−10 ·10−5/10−9 ∼ 10−6 V. Then we can estimate the variation of the voltage bias: δV ∼ RCδv/δt ∼
5 · 104 · 5 · 10−1410−6/10−9 ∼ 2.5 · 10−6 V, or 1.2 GHz which is quite significant.

Moreover, the characteristic time of the LC is significantly smaller than the pulse duration. And
the characteristic time of the RC is of the same order of magnitude as the pulse. Consequently, the
shape of the modification of the bias-voltage will be essentially the second derivative of the current
pulse shape, so the second derivative of a gaussian (that is what is represented in figure 17). The
trajectories affected by this coupling are represented in continuous lines in the figure 18. So for a
positive polarity, the area of emission might be only grazed, whereas this zone is crossed for negative
polarity. This capacitance auto-inductance coupling may explain the difference in the emission rate.
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(a) Positive voltage bias.
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(b) Negative voltage bias.

Figure 18: Typical trajectory induced by the pulse through the stationary emission map. Doted
line, no capacitive or inductive couplings take into account. Continuous line, an inductive-capacitive
coupling was taken into account.
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As the acquisition is very long, even when a lot of signal is present, we choose to study the case
with negative polarity. The impact of the pulse amplitude was tested and does not change a lot the
dynamic of the emission. So we choose to keep the same amplitude as the one typically represented
in the figure 18 for later study. It is hard to describe the amplitude of the pulse in more detail than
that as we are not able to calibrate it. Moreover the pulse rate was kept at 30 MHz to avoid possible
interaction. So the last parameter to study was the impact of the flux and this was directly made
using the g(2)(t, τ).

3.4 Looking for anti-bunched photons

In order to characterize the performance of our single photon source, several measurements of g(2)

where made for different fluxes. For each different static flux, around 4 hours of measurement were
necessary which explained their small number (only 14 different fluxes for the top sample).

Even with this long acquisition time, some noise problems occur. The definition of g(2) is:

g(2)(t, τ) =

〈
â†(t)â†(t+ τ)â(t+ τ)â(t)

〉
(〈â†(t)â(t)〉)2 (28)

so if the signal is small,
∣∣∣〈â†(t)â(t)

〉∣∣∣ is very small. For the time t without emission,
∣∣∣∣1/ (〈â†(t)â(t)

〉)2
∣∣∣∣

becomes extremely large and amplifies the noise still present in the numerator. To overcome this
problem, we choose to normalize with the time t = tmax where |

〈
â†(t)â(t)

〉
| is maximum. So what

will be plotted is:

g(2)(t, τ) =

〈
â†(t)â†(t+ τ)â(t+ τ)â(t)

〉
(〈â†(tmax)â(tmax)〉)2 (29)

In figure 19, g(2)(t, τ) is presented for two different fluxes. The first thing we can observe is that the
only visible points are for the emission time measure in the previous sub-part (figure 18b). Moreover,
we can notice that some points are negative which is theoretical impossible, this is an effect of the
noise.
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(a) Static flux: Φ = −0.13 Φ0. The maximum of the
pulse arrives at the beginning of the emission zone.
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(b) Static flux: Φ = −0.23 Φ0. . The maximum of
the pulse arrives near the frustration.

Figure 19: g(2)(t, τ) measured for the Top sample with a bias voltage of -7.25 GHz, a pulse rate of
30 MHz and a moderate amplitude.

Otherwise, we can note a slight anti-bunching for the two different pulses, the peak at τ = 0 is
lower than the others. But the noise and the color bar do not allow us to say more than that. To go
further, we concentrate ourself only on the time t where some emissions occur. In the figure 20, we
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observe a significantly anti-bunching. The ratio between the peak in τ = 0 and others peaks gives use
around 0.6, classical quantity use to characterize the quality of a single photon source.

Moreover, the peaks for τ 6= 0 are all around 1 and the base line is around 0. This is what is
expected for that kind of sources which gives use confidence in the consistency of the measurement
scheme and numerical algorithm. Note that the test with a thermal noise source gives us the expected
result too. Finally, the peaks are separated by 33 ns which is coherent with the pulse period of 33 ns.
So these peaks are due photons from two different pulses.
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Figure 20: Section of the g(2)(t, τ) at the maximum emission time (here t=23 ns after the trigger) for
Φ = −0.23 Φ0 for the Top sample. The other parameters are fixed as before (figure19).

To conclude, we have measured the ratio between the peak in τ = 0 and the other peaks in the
figure 21. Note that the incertitudes were estimated using the variation in the peaks for τ 6= 0 and
extrapolate for the central peak as this noise is stationary in principle. These ratios do give a tendency
on the variation of the anti-bunching, it seems that the anti-bunching does not change a lot with the
static flux. It stays possible that some quick variations of the photon statistic were not sampled but
the same curve was obtained for the Bottom sample and the same behavior was observed. So the
static flux affects the rate of emission but does not have a strong influence on the photon statistic for
the process observed.
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Figure 21: g(2)(tmax, τ = 0)/(peaks of g(2)(tmax, τ 6= 0)) for the Top sample as a function of the static
flux. The other parameters are identical to the figure 19.
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Conclusion
During my internship, I have developed and tested new tools for the group to understand the operation
of the designed samples. The direct observation of the time of emission of photons (through the G(1))
allows us a more straightforward approach to characterize the area of interest and so to save a lot of
time to find anti-bunched photon statistic. Moreover the complete measurement of g(2)(t, τ) gives us
new informations on the anti-bunching and will notably make possible to study the variation of the
photon statistic with the dynamic of the pulse.

There is still a lot to do and understand with these samples. The first one, which was not addressed
in this report, is the influence of the pulse amplitude; it would be interesting to verify if different
processes can be separated by increasing the pulse amplitude. Another parameter which was fixed
is the bias voltage; it might be interesting to decrease the voltage bias to reduce the impact of the
voltage noise, as the following theoretical paper indicates [8].

Another experiment which will be interesting to realize will be to test the photon indispensability.
Very few experiments have tested it [7] and it is an important characteristic for some applications of
single photon source.

The width of the pulse was fixed by an Eccosorb filter, it will be also interesting to modify its
characteristic. This can be made by fabricating other Eccosorb filters of different lengths. The
classical lumped filters, cleverly designed, might also be useful. It might be interesting to implement
this code on a GPU to be able to analyze the sample coming from the acquisition board in real time.

In a more theoretical point of view, it will be interesting to perform simulations to obtain the
precise value of the inductance L of the flux line to be able to quantitatively characterize the inductive-
capacitive coupling between the pulse and the bias voltage. Another interesting possibility will be to
design new samples where the flux line does not cross the line to the resistor and to add another
controlled capacitance.

At longer term, a parametric amplifier and a photo-multiplier will be developed by the group.
These new devices will make it possible to measure the photon statistics much more rapidly. The
use of the parametric amplifier might decrease the acquisition time by a factor 104 and the photo-
multiplier might simplify considerably the experimental setup. These are the works to be done during
my PhD in the same group,
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A Calibration
The precise gain of amplifiers and loss of coax cables depends heavily on temperature, for example
the coax cables become superconducting at low temperature which decrease a lot their attenuation.
So it is not possible to simply calibrate the gain of each amplification chain at ambient temperature.

We use here the emission properties of a resistor, which is well known as the Johnson-Nyquist
noise [9]. As the spectral density of the noise emitted by a resistor changes with temperature, we can
obtain two different sources of photons. By measuring them through the amplifier chain, we will see
that we can extract the gain of the chain and measure the noise temperature too. This is possible by
putting a RF switch at the base of the fridge which is connected to the sample or a resistor at the
base temperature or a resistor at an higher temperature (around 700 mK) as we can see in the figure
22. This switch allows us to easily measure several different samples too, without having too many
coax cables going out of the fridge which will increase it base temperature as more heat will arrive
through these cables and save a lot of money too.
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Figure 22: Measurement scheme with calibration switch. The switch allows to connect, the sample
or a 50 Ω resistor at the base temperature (around 12 mK) or a 50 Ω resistor at an intermediate
temperature (around 700 mK).
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The noise spectral density coming from a 50 Ω at temperature can be written:

SR(T, ω) = ~ω
2 coth

( ~ω
2kBT

)
(30)

As we will see, the quantum fluctuations which modify this formula cancel themselves and so we choose
to ignore them here. This noise is then amplifies by several stage and go trough different attenuators.
We note g the total gain of the amplifier chain. Moreover this chain adds some noise with a noise
temperature TN . So the noise power spectral density which arrives to the acquisition board can be
written:

Sout(T, ω) = g (SR(T, ω) + kBTN (ω)) (31)

As we measure this power spectral density coming from a resistor at 700 mK and 12 mK, we form
a complete set of equations which can be easily solved to extract the gin and the temperature noise:

g(ω) = Sout(T = 700 mK, ω)− Sout(T = 12 mK, ω)
SR(T = 700 mK, ω)− SR(T = 12 mK, ω) (32)

TN (ω) = Sout(T = 12 mK, ω)
g(ω)kB

− SR(T = 12 mK, ω)
g(ω)kB

(33)

This calibration was performed one time before all the measurement. It might be interesting to
perform this calibration before each measurement to exclude all variation of gain, because of the
temperature essentially. But it is not possible as the RF switch heats the system when use and so we
need to wait tens of minutes for the base of the fridge to go back to it minimal temperature. So the
calibration made before the beginning of the measurements was used for all of them which introduce
a systematic error for the last measurement.
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